In 1983 C. Thomassen conjectured that for every k, g ∈ N there exists d such that any graph with average degree at least d contains a subgraph with average degree at least k and girth at least g. A result of Pyber-Rödl-Szemerédi implies that the conjecture is true for every graph G with average d(G) ≥ c k,g log ∆(G).
Introduction
An old question of P. Erdős and A. Hajnal [3, 4] asks whether for every k and g there exists χ = χ(k, g) such that any graph with chromatic number at least χ contains a subgraph with chromatic number at least k and girth (length of the shortest cycle) at least g. It was shown in [8] that for any k and n there exists ϕ(k, n) such that, if G is a graph with chromatic number at least ϕ(k, n), then G contains either a complete subgraph on n vertices or a triangle free kchromatic subgraph. This result implies an affirmative answer to the case g = 4, while all other cases remain open to this date.
In 1983, C. Thomassen [9] stated a related conjecture. Conjecture 1 is known to hold for g ≤ 6 due to a result of Kühn and Osthus [5] (in [2] the authors, Koubek, and Martin gave an alternative proof of this result). It is also known that any regular graph with sufficiently large degree satisfies the conclusions of the conjecture: Determining sufficient conditions for a graph to contain a regular subgraph is therefore relevant to this conjecture. In this direction, Pyber, Rödl, and Szemerédi proved the following result.
Theorem 3 ([7]
). For every r ≥ 1 there exists c > 0 and d 0 > r for which the following holds.
Suppose that G is a graph with average degree
In view of Theorem 3 and Proposition 2, for any fixed k and g, Conjecture 1 holds for graphs G of average degree d(G) ≥ c log ∆(G). Namely, we have the following corollary. Suppose that G is a graph with average degree
Here we will strengthen this corollary as follows.
Theorem 5 (Main result).
For every k ≥ 1, g ≥ 3 there exists α, β > 0 and d 0 > k for which the following holds. Suppose that G is a graph with average degree
Remark 6. In [7] it is also shown that there are graphs G with average degree d(G) ≥ c log log ∆(G) that do not contain any r-regular subgraphs (r ≥ 3). In Theorem 5 the subgraph H is not necessarily regular. In particular, our result improves Corollary 4 but not Theorem 3. 
A result on Thomassen's conjecture
In order to prove Theorem 5 we will require some results for hypergraphs.
Definition 8.
A hypergraph is called linear if no two edges intersect in more than one vertex.
The degree of a vertex v in a hypergraph H is the number of edges e ∈ H incident to v.
A cycle (of length i ≥ 3) in a hypergraph H is a sequence of vertices and edges (v 0 , e 0 , v 1 , e 1 , . . . , v i−1 , e i−1 ) where v 0 , . . . , v i−1 ∈ V (H) are distinct vertices; e 0 , . . . , e i−1 ∈ H are distinct edges; and v ∈ e −1 ∩ e for all ∈ Z i .
Our key idea is the simple observation that an "almost regular" linear hypergraph of large average degree contains a sub(hyper)graph with large average degree and large girth.
Suppose that H is a linear hypergraph with edges of size at most d,
Then H contains a spanning subgraph with average degree at least k and girth at least g.
The proof of Lemma 9 is based on the Probabilistic Method (see [1] ) and will be given in Section 2.1. It is a straightforward extension of a similar result known to hold for graphs.
Remark 10. Any improvement in the upper bound on ∆(H) in the statement of Lemma 9 yields an improvement on Theorem 5. For instance, if one could allow ∆(H) ≤ e cδ(H) then Theorem 5 would hold with log * ∆(G) (the iterated log) in place of log log ∆(G).
Unfortunately, a straightforward attempt to improve Lemma 9 by means of extending Theorem 3 to hypergraphs is not possible. More formally, there are hypergraphs H with, say,
c , that contain no almost regular subgraph of large average degree [10] .
In §2.2 we will prove Theorem 5 by applying a strategy inspired by the idea originally used in [5] : In a graph G of large average degree we either find a large complete bipartite subgraph or a C 4 -free bipartite subgraph of large average degree. If a complete bipartite graph is found then, by Proposition 2, we obtain a subgraph of large girth and large average degree. Otherwise we apply Lemma 11 below to the C 4 -free subgraph to obtain a subgraph with large girth and average degree.
Lemma 11. For every k and g there exists γ > 0, d min > k such that the following holds.
Let G be a C 4 -free bipartite graph with classes A, B, |A| ≤ |B| = n such that for all w ∈ B, deg
Then there exists H ⊂ G such that girth(H) ≥ g and d(H) ≥ k.
Proof. Set ε = 1/(2g) and γ = 8k log(1+ε)
Consider the following partition A = A 0 ∪ A 1 ∪ · · · ∪ A t , where
≤ ∆}, and
We may assume that ∆
by our choice of γ. Suppose first that e G (A 0 , B) ≥ dn/2. In this case, the graph
Applying Corollary 4 to the graph G 0 yields H ⊂ G 0 with d(H) ≥ k and girth(H) ≥ g. Hence, let us assume that e G (A 0 , B) < dn/2. By the Pigeon-hole principle, there exists j ∈ [t] such that e G (A j , B) ≥ dn/(2t). In the graph G j = G[A j , B] the average degree of the vertices in the class A j must be at least
and the maximum degree at most D 1+ε while the average degree of the vertices in the class B is at least d/(2t) ≥ 4k and the maximum degree at most d (since by assumption deg G (w) = d for all w ∈ B).
Next we remove sequentially all the vertices of B that have degree less than k in G j and all the vertices of A j that have degree less then D/4 in G j . Once this process ends, the resulting graphG ⊂ G j is non-empty since we may remove at most k |B| + 
Define a hypergraph H with vertex set X and edges {NG(y) : y ∈ Y }. Notice that deg H (x) = degG(x) for all x ∈ X and that H is linear becausẽ G ⊂ G and G is C 4 -free by assumption. Moreover, by (1) and (4), every edge in H has between k and d vertices. By our choice of d min , we have δ(H) (4) ≥ D/4
and by our choice of ε, we have
We now apply Lemma 9 to H and obtain H * ⊂ H such that the girth of H * is at least g/2 and the average degree of H * is at least k. Let X * = V (H * ) ⊂ V (H) = X and Y * ⊂ Y be the set of vertices of Y corresponding to edges of E(H * ), more precisely,
We claim that the induced subgraph
which implies that 2e(H) ≥ k |V (H)| and thus d(H) ≥ k.
The graph H has girth at least g because H * has girth at least g/2. Therefore H satisfies the conclusions of the lemma.
Proof of Lemma 9
For given g ≥ 3, k ≥ 1 and d ≥ 2, let H be a hypergraph satisfying the conditions of Lemma 9. Set δ = δ(H) and ε = 1 2g−2 . Notice that
Denote by X the vertex set of H. For all 3 ≤ i ≤ g, let N i be the number of cycles of length i in H. We claim that
Indeed, every cycle may be described by a sequence (v 0 , e 0 , v 1 , e 1 , . . . , v i−1 , e i−1 ), where v 0 , . . . , v i−1 ∈ X are distinct vertices and e 0 , . . . , e i−1 ∈ H are distinct edges satisfying v ∈ e −1 ∩ e for all (with indices in Z i ). The number of choices for v 0 is |X|, then there are at most ∆(H) ≤ δ 1+ε choices for e 0 v 0 .
Within e 0 one must choose v 1 = v 0 , which can be done in at most |e 0 | − 1 < d ways. Repeating this argument we observe that there are at most δ 1+ε d choices for (e , v +1 ), = 0, 1, . . . , i − 2. Once v i−1 is determined, one must choose e i−1 containing both v 0 and v i−1 . Given the assumption that H is linear, there can be at most one such edge e i−1 . Hence (5) holds.
Let
and H be the hypergraph obtained by selecting each edge of H to be in H independently and uniformly with probability p. Notice that
For all 3 ≤ i ≤ g, consider the number N i of cycles of length i in H . The probability that a fixed cycle of length i in H belongs to H is p i . Hence, we have
where the last inequality follows since the sum is a geometric series and pδ 1+ε d > 2.
By our choice of p, we have pδ/d = δ ε d −3 /2 and since δ ε ≥ 2kd 3 , it follows that pδ/d ≥ k. Consequently, by (6) and (7),
We conclude (by the first moment method) that there exists a spanning hypergraph H ⊂ H which satisfies the inequality (8) above. In particular, by deleting one edge incident to each cycle of length 3 ≤ i ≤ g in H we obtain a spanning subgraph H * with at least k |X|/2 edges and girth at least g.
Proof of Theorem 5
A slight adaptation of Theorem 2 from [5] yields the following.
Lemma 12. Let r ≥ 2 16 , s > 1 be integers. Then every graph of average degree at least sr 2·11 s either contains a complete bipartite graph K s,s or a C 4 -free bipartite subgraph with average degree at least r.
For given k and g, let γ and d min be the constants in Lemma 11. Also let s = (16k) 2g−2 , β = 2 · 11 s , and α = s γ β . Set d 0 large enough so that r := 2γ log log ∆(G) ≥ 2γ log log d 0 ≥ max{2d min , 2 16 }.
By Lemma 12 the graph G either contains
In case (i), by our choice of s = (16k) 2g−2 , we may apply Lemma 9 with d = 2 to the s-regular graph K s,s to obtain a graph H ⊂ K s,s ⊂ G with d(H) ≥ k and girth(H) ≥ g.
In case (ii), we will use the fact that every bipartite graph of average degree r contains an (r/2)-half-regular graph, namely, a graph in which every vertex in the larger class has the same degree r/2 (see [6, Lemma 3] ). Applying this fact to G yields a subgraph G * ⊂ G with classes A and B such that |B| ≥ |A| and every vertex in B has degree d ≥ Applying Lemma 11 to the C 4 -free graph G * ⊂ G and obtain a subgraph H ⊂ G * with average degree at least k and girth at least g. This concludes the proof of Theorem 5.
Concluding remarks
In this paper we have shown that even graphs with a substantial gap between average and maximum degrees must contain a subgraph of large girth and average degree. Indeed, the bound we obtained in Theorem 5, d(G) ≤ α log log ∆(G) β , is asymptotically stronger than the previously known bound given by Corollary 4. Short of solving Conjecture 1 completely, a very natural problem is to improve the bound on the gap between average and maximum degrees that is sufficient for the conjecture to hold. As a step in this direction, one could perhaps attempt proving Lemma 9 with a weaker assumption on ∆(H).
